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Abstract

This document contains solutions to exercises from Fulton’s Algebraic Curves. These
solutions were produced while I was engaged in a reading course during the first semester
of my MSc at Western University. David K. Johnson, Noah Vale, and Jaden Visscher read
with me, and I owe many thanks to them for their help.

§ 1 Affine Algebraic Sets

1.1 Algebraic Preliminaries

1.4: For k infinite, the only polynomial that is zero everywhere is the zero polynomial.
Proof. Let F € k[Xi,...,Xx] be a polynomial such that F(ai,...,a,) = 0 for all
ai,-...,an € k. We proceed by induction on the number of variables n. For the case n =0
the statement holds trivially. Now suppose the statement holds for n — 1. Then we may
write F = ZFZX; for F; € k[X1,...,Xn-1]. Now suppose that one of the F; is not equal

to zero. Then there are only finitely many roots for the polynomial F(a1,...,an-1,Xn),
as it is univariate. However the field k is infinite so this polynomial cannot possibly vanish
everywhere on k. Therefore F' = 0. A

1.2 Affine Space and Algebraic Sets
1.3 The Ideal of a Set of Points

1.21: An ideal generated by linear polynomials is maximal and the quotient is isomorphic
to the field of coefficients

Proof. Suppose I = (X1 —a1,...,Xn —an), and let J D I. Then I is the ideal of the
point a = (a1,...,a,) and V(J) C V(I). However V(I) = {a}), so J = I. That is, I
is maximal. Now take the quotient k[X1,...,X,]/I. Now the only ideals in the quotient
are the whole ring and the zero ideal, which implies that the ring is a field. The only field
contained in k[X1,..., X,] is k, so the quotient must be isomorphic to this field. A

Proposition 1: An algebraic set is irreducible if and only if its ideal is prime.
Proof. First the backward direction. Suppose I(V) not prime. Then there is fg € I
such that f ¢ I and g ¢ I. Then V(f)NV UV (g)NV =V, and so V is reducible.

Now the forward direction. Suppose V = U U W is reducible. Then for f € I(U) \ I
and g € I(W) \ I we have that fg € I, so I is not prime. A

1.4 The Hilbert Basis Theorem

1.22: Bijections between ideals of R/I and ideals containing I.

Proof. Part (a) asks us to prove the above statement for any ideals. First the forward
direction. If J’ is an ideal of R/I then 7~ *(J') is in particular closed under multiplication
and addition of generators by the fact that m is a homomorphism. That is, it is an ideal.
The fact that it contains I follows by the fact that 0 € J’ and 7=(0) = I.
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Part (b) asks us to prove that radicality, primality, and maximality are preserved. First
radicality. Supposing J’ is radical, we have f™ € J’ implies that f € J’. Then taking
preimages, 7 (f™) = f" + 1 = (f+ D)™ =7 (f), so 771 (J') is radical. Likewise, if J
is radical then 7w (J) is obviously radical because w(f™) = #(f)™ and n(f) € n(J). Now
primality. If J’ is prime then 77 (J’) = J is because 7' (fg) = fg+I = (f+I)(g+1) and
one of f+ I or g+ I is in the preimage. Conversely, if J is prime then multiplicativity of
the homomorphism shows that J' is as well. For maximality, note that projection preserves
containment.

For part (c), note that if J is finitely generated then we may write any element of J' as

m(r)=m (Z Cayi) = ZW(Ca)W(yi)a

for y; generators of J. A

1.5 Irreducible Components of an Algebraic Set
1.6 Algebraic Subsets of the Plane
1.7 Hilbert’s Nullstellensatz

1.38: Bijections between algebraic subsets of an algebraic set V = V(I) and radical ideals
of k[X1,...,Xn]/I.

Proof. The Nullstellensatz demonstrates bijections between algebraic sets and radical
ideals, and 1.22(a-b) (above) demonstrates the necessary bijections once one notes the
inclusion-reversing properties of I(-) and V(-) as functors (J contains I exactly when V' (.J)
is a subset of V(I)) and recalls that irreducible varieties have prime ideals, while points has
maximal ideals. A

1.8 Modules: Finiteness Conditions
1.9 Integral Elements
1.10 Field Extensions

§ 2 Affine Varieties

2.1 Coordinate Rings

2.1: Show that the map k[Xi,...,X,] associating to each F a polynomial function in
F(V, k) is a ring homomorphism with kernel I(V').

Proof. Let ¢ : k[X1,...,Xn] — F(V, k) assign each polynomial a polynomial function.
This is obviously a ring homomorphism, and the kernel is shown to be I(V') by noting that
f—=0 << f(v)=0forallveV < felI(V). A

2.2: Show that there is a natural one-to-one correspondence between algebraic susbets
(resp. subvarieties, resp. points) and radical ideals (resp. prime ideals, resp. maximal
ideals) of I'(V).

Proof. This follow by recalling that I'(V) = k[X1,..., X,]/I(V) and applying 1.22 and
1.38 (above). A

2.3: Show that every polynomial function on V restricts to one on W C V.

Proof. For part (a), note that I (W) is the image of I(W') under the quotient k[ X1, ..., X]/I(V).
Then obviously any polynomial on V restricts to one on W by the fact that polynomials
are still polynomials under the quotient map. This map is surjective precisely because
it is a quotient map k[X1,..., X»]/I(V) — k[X1,...,X,]/I(W) and I(W) D I(V). The
isomorphism follows because Iy (W) is approximately I(W)/I(V). A

2.4: Show that the following are equivalent: V is a point, I'(V') = k, and dim; I'(V') < oc.
Proof. The equivalence of (ii) and (iii) are the content of 1.21 (above). Corollary 4 of
the Nullstellensatz tells us that V is finite, and because it is a variety it is irreducible and

hence a point. (ii) implies (iii) straightforwardly as k is a k-vector space of dimension one.
A
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2.2 Polynomial Maps

2.6: Show that the composition of pullbacks is pullback of the (reversed) composition, and
that the composition of polynomial maps is a polynomial map.

Proof. Let ¢ : V — Wand ¢ : W — Z. Now ¢op(F) = Fotop = G(Fop) =
(po J)(F) If ¢ and ¢ are polynomial maps, then ¢ = (T1,...,T,) and ¥ = (S1,...,Sm),
and from this it follows that Yoy = (S1(T1,...,Tn), ..., Sm(T1,...,Tn)). Now one can see
that 1 o ¢ is obviously polynomial by expanding. A

2.7: Show that the preimage of an algebraic subset is algebraic, and that if the preimage
of an algebraic set is irreducible, then so long as the set lives in the image it is also
irreducible.

Proof. Let ¢ : V. — W be a polynomial map and X an algebraic subset of W. Let
Iw (X) be the ideal of X in I'(W) and take Y = V(F € T'(V) | Fop € Iw(X)). Then
»(Y) = X. The claim on irreducibility follows by the fact that if Y is reducible then there
will be some F,G € T'(V) such that F'G o ¢ € I (X) but neither will have pullback lying
in the ideal, implying that it is not prime and so X is reducible. A

2.9: Show that for a polynomial map of varieties ¢ : V — W and subvarieties V' and
W’ we have (V') C W’ implies that (I (W’)) C I (V'), and that the restriction gives
a polynomial map V' — W',

Proof. Let ¢ : V. — W be a polynomial map and V' C V, W' C W subvarieties
and ¢(V’) € W’. For part (a), we have that because (V') C W', V! C o Y(W).
Then ¢~ (W’) is a variety by 2.7, and so we conclude that Iv-(V') D Iy (' (W')). Now
note that any polynomial F vanishing on ¢~ '(W’) satisfies G(F) € Iw (W’). Therefore
Iw(W') C Iv (¢~ (W) and the result holds.

Part (b) seems more or less obvious: ¢(V') C W’ means that the map is defined on all of
V', and it being polynomial at every point in V means that it is, in particular, polynomial
at V' C V. Perhaps one must use Part (a) to check that nothing is vanishing when it
shouldn’t. A

2.10: Show that the projection map A™ — A" is polynomial.
Proof. This is the map ¢ = (z1,...,Zr). A

2.3 Coordinate Changes

2.14: Show that affine changes of coordinates preserve linear subvarieties of A™ and that
any nonempty linear subvariety may be expressed as the vanishing of some X,,41,..., X,.
Show also that the m before is invariant of the choice of coordinate change.

Proof. Let V' C A" (k) be a linear subvariety (that is, V' = V(F1,..., F,) for F; linear)
and let I = I(V). First we show part (a). Let T be an affine change of coordinates on
A" Now VT = V(FE,...FF) = V(F(Ty,...,Tn) | 1 < i < 7). Writing F = Y a;X; by
linearity, we now have F7 = > a;T; = 3 a; 3 b; X; which is obviously a linear polynomial.
Implicity we are using the fact that I7 is generated by F{, which is clear. Therefore V7T
is linear.

For part (b) we proceed by induction on r. Forr =1 and V = V(F), write F = Y a; X;.
Let j be the lowest index for which a; # 0 so we may write T; = (X; —>_,,; @i Xi)/a; and
Ti = Xl fOI‘ 7 ;é j Then FT = F(Tl, e ,Tn) = Ei#j ain- —|—aj(Xj - Zi;ﬁj aiXi)/aj = Xj.
Now consider S for which S; = X,, and S; = X, for all other ¢ # j. Now observe that
FT°5 = F(T1(S1,...,8n), -+, Tu(S1, ..., S0)) = (FT)(S1,..., ) = (FT) = X7 = X,
Then the base case of induction holds. Now suppose that for » — 1 the statement holds and
consider V = V(Fi,...,F.). Now V(F1,... ,Fr_l)T = V(Xm+1,...,Xn) for some m and
some affine coordinate change T. Then F7 is a polynomial in X,u41,..., X, and we may
apply the above construction to produce a map S that sends F7 to X,, and fixes all other
variables. Postcomposition of 7" with this map then yields the desired map.

For part (c), we suppose for the sake of contradiction that V(Xmi1,...,Xn)T =
V(Xst1,-..,Xn) for m < s. We may write X; = T(X;) = T; for some s+1 < j <n
and m+1 < ¢ < n. However this implies that there are two X; given by the same T}, so in
particular Ty,41, . .., T are dependent and therefore the map is not a change of coordinates.

AN
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2.15: Let P = (a1,...,an) and Q = (b1,...,bn) be distinct points in A™. The line
through P and Q is defined to be {a1 +t(b1 — a1),...,an + t(bn —an) | t € k}.

(a) Show that if L is the line through P and @ and T is an affine change of coordinates
then T'(L) is the line through T'(P) and T(Q).

(b) Show that a line is a linear subvariety of dimension one, and that a linear subvariety
of dimension one is a line through any two of its points.

(c) Show that in A? a line is the same thing as a hyperplane.

(d) Let P, P’ € A%, Ly, Lo two distinct lines through P, L}, L} two distinct lines through
P’. Show there is an affine change of coordinates taking P to P’ and L; to L;.

Proof. Part (a): The points on T(L) are of the form T(P + t(Q — P)). The fact
that T is a composition of a linear map and a translation in each coordinate means that
T(P+t(Q—P))=T(P)+T(tQ—P)) =T(P)+HT(Q) —T(P)).

Part (b): A linear subvariety of dimension one is a linear subvariety V' for which there
exists a change of coordinates T such that VT = V(Xa2,...,Xn). Then the points of the
subvariety under the transformation T' are given by all points of the form (a1,0,...,0).
This is a line through the points (0,...,0) and (1,0,...,0), and the fact that lines are
preserved under affine coordinate changes implies that V' is a line. The converse clearly
holds by considering the preimage of any two points in V7 under 7.

Part (c): A line is a linear subvariety of dimension one and so is defined by the vanishing
of a single linear polynomial by 2.14. Therefore it is a hyperplane. Conversely, a hyperplane
is defined by the vanishing of a single linear form and so by 2.14 we have that it is isomorphic
to V(X2). This implies that it is of dimension one, however, and so a line.

Part (d): Consider V (F1, F>) the intersection of Ly and La. By 2.14 there is a coordinate
change taking L; to X7 and L2 to X2, as they are linearly independent forms. Similarly,
there is a coordinate change taking L} and L5 to X7 and Xa, respectively. Composing the
former map with the inverse of the latter map yields a coordinate change taking L to L,
Ly to Ly, and P = V (L1, L2) to P’ = V(L},L3). Tt is worth noting that because L; and
Lo are distinct they are linearly independent so our maps cannot send them to the same
X;. A

2.4 Rational Functions and Local Rings

2.18: Show that there is a natural one-to-one correspondence between prime ideals of Op (V)
and subvarieties of V' passing through P.

Proof. Suppose [ is prime in 0p(V) so that I NT(V) is also prime (fg € I NT'(V)
implies that wlog f € I but fg € I NI'(V) implies wlog f is polynomial and clears g¢’s
denominator). By the proof of Proposition 3 we have that I N T'(V) generates I. Now
apply the bijection between prime ideals in I'(V) and subvarieties so that I NT'(V') gives a
subvariety, and note that P € V(I NT'(V)) by the fact that every h € I is defined at P. A

2.21: Show that a polynomial map of affine varieties induces a unique ring homomor-
phism Og (W) — Op(V). Show that the maximal ideal of the codomain contains the image
of the domain’s maximal ideal.

Proof. Suppose ¢ : V. — W is a polynomial map such that P € V has ¢(P) = Q.
Now consider the map on coordinate rings ¢ : I'(W) — I'(V). We wish to show that @
extends uniquely to a homomorphism &g (W) — Op(V). We define such a homomorphism
by @(f/g9) = ¢(f)/#(g). This map respects the equivalence relations as if f/g ~ p/q then
fg—pg =0 and so ¢(fg —pq) = ¢(f)e(q) — 2(9)@(p) = 0 and obviously restricts to the
map on coordinate rings. The fact that it is a homomorphism follows by the fact that it is a
homomorphism on coordinate rings and the definition of the field of fractions. Uniqueness
is clear by construction. In particular, ¢(mg(W)) C mp(V) as if f/g € mg(W) vanishes
at @ then in particular f(Q) = 0 implying that f(o(P)) =0 and so @(f)(P) =0. A

2.22: Show that for an affine change of coordinates on A™, the map described above is
an isomorphism and induces an isomorphism on varieties before and after the change of
coordinates.

Proof. Suppose T' : A" — A" is an affine change of coordinate with T(P) = Q.
Notably the coordinate rings are isomorphic and so by construction of T the local rings are
isomorphic as well. If V is a subvariety of A such that P € VT, then the restriction to
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0o (V) has image given by FT /GT for all F/G € 0g(V). However this is precisely the field
of fractions of VT, so long as P € V7 to ensure that we restrict to where F7 is defined. A

2.5 Discrete Valuation Rings

2.23: Show that the order function on K is independent the choice of a uniformizing
parameter.

Proof. If t is a uniformizing parameter for R then any other uniformizing parameter is
of the form s = ut for u € R* a unit. Then if the order of z € K = Frac(R) is n we have
z = vt™ for some v € R*. We may then write z = vt™ = v(u"'s)" = ws™ for w = vu™" a
unit. This expression in terms of the uniformizing parameter is unique, and so the order is
fixed. A

2.24: Show that the affine line has local ring given by a DVR.

Proof. First we show part (a). Let f/g € mo(V) C Ou(A}). Then f/g vanishes at a,
implying that f = h-(X —a) for some h € I'(V), and we may write f = h-(X —a)™ with h not
divisible by (X —a). In this case f/g permits an expression of the form f/g = h/g- (X —a)",
and h/g is a unit because neither is divisible by (X — a). Importantly this unit is unique
by construction, and so &,(V) is a DVR.

Now part (b). Welet O (V) = {f/g | deg(g) > deg(f)}. Let f/g € O (V) and suppose
that we take a representative with such that X is not a factor of both f and g. Note that
f/g is a unit if and only if deg f = degg, as then g/f € O (V). Now for any f/g we may
take X" f/g to be a unit for n sufficiently large, implying that f/g = X" f/g-(1/X)™. This
expression is unique by construction, and so O (V) is a DVR. A

2.26: Show that the maximal ideal of a DVR contains any element of R or its inverse.
Show that if S is a DVR containing R, contained in the quotient field of R, and whose
maximal ideal contains that of R, then S = R.

Proof. Part (a): Let z € K such that z ¢ R. Then the order of z is negative, implying
that z = ut™ for n < 0. Now take an inverse to see that z~! = v~ '¢™", so in particular z
has positive order implying that z € m.

Part (b): Suppose mg C ms. Suppose z € S — R. Then 27! € mg by (a), so 27! € ms.
However z € S so zz~! € mg which is a contradiction. Therefore S = R. VAN

2.28: Show that a discrete valuation on a field gives a DVR by the elements of K with
nonnegative valuation.

Proof. Let ¢ be a valuation on K. It is clear that R is a ring and m is an ideal. Observe
that m is the set of non-units in R, and so R has a unique maximal ideal containing every
proper ideal of R by the Lemma in 2.4, which is equal to m. That is, R is local. Suppose
z € R. We wish to show that z = ut™ for some irreducible t € R, some unit v € R*, and
some n > 0. Fix some irreducible ¢ € m of minimal degree. Then any nonzero y € R has
0 < p(yt™™) < ¢(t) for some m. This implies that yt~™ is a unit, as ¢(¢) is minimal.
Equivalently, y = ut™ and this is a unique expression by construction.

The converse is obvious. A

2.29: Show that if the order of two elements is different, their sum is equal to the
minimum of the two orders. Show that if a collection of elements of K has an element of
strictly minimal order then their sum is nonzero.

Proof. Part (a): If p(a) < ¢(b) then ¢(a + b) > min(p(a), p(b)) = ¢(a).

Part (b): If there exists ¢ such that ¢(as) < ¢(a;) for all j # i then (a1 + -+ an) =
p(ai) # 00,80 a1 + -+ -+ an # 0. AN

2.30: Let R be a DVR with quotient field K, £ C R a field, and an isomorphism
k — K — R/m. Show that for any z € R there is unique A € k such that z — A € m and
show that any z € R admits an expression z = Ao + A1t + - - - + Apt™ + 2,t" ! for A € k
and z, € R.

Proof. Part (a): Let z € R. If z € m then A\ = 0. Suppose z ¢ R and note that the
coset z +m € k has additive inverse —\ such that z — A =0 € k. However z — A =0 € k
implies that the preimage lives in m.
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Part (b): To establish existence we proceed by induction on n. For the case n = 0 we
write z — A € m which implies that z = A € k, which in particular implies that z = A € R.
Now suppose the result holds for n = k — 1, so there are \o,...,A\x—1 € k and zx_1 € R for
which 2 = Ao + -+ - + Ae_1t* 1 + 2_1t*. Now we may write zp—1 — Ap Emso z =X € R
as in the base case. Now 2 = Ao + -+ - + A\t® with zx = 0. So the inductive step holds.

For uniqueness, consider the difference of two such expressions 0 = z — z = (Ao — o) +
ot (A = )t (20 — yn)t"H. Now note that the order of the term Ao — o is minimal
in this sum, so by 2.29 the sum cannot be zero. However this implies that 0 £ 0 so we have
a contradiction, establishing uniqueness. A

2.6 Forms

2.35: Count the dimension of forms of degree d as a k-vector space and show that sequences
of nonzero linear forms (some not scalar multiples of others) generate the space of d-forms
on two variables.

Proof. Part (a): A monomial of degree d in R[X,Y] is of the form X‘Y” such that
i+ j = d. There are d 4+ 1 pairs satisfying this, as can be seen by noting that i = d — j is
a solution for all 0 < j < d. Similarly, in R[X,Y, Z] we have as many monomials as triples
i+ j+k =d and writing i = d — j — k we see that the number of such triples is given by

Yo Yo 1= 22500 = (d+1)(d+2)/2.
Part (b) is obvious by the definition of forms.

Part (c): Incomplete A

2.7 Direct Products of Rings

2.38: Show that the direct sum adds dimension.

Proof. The direct product is obviously generated as a ring by the generators of each R;,
and so there are dim R; generators for each component. Components are independent, so
there are Y dim R; generators. Equivalently, the dimension of the product is the sum of
dimensions. A

2.8 Operations with Ideals

2.39: Show that ideal multiplication is distributive and associative.
Proof. Part (a): (I1 +2)J ={a+blac,belL}-J={(a+b)c|ach,belce
J}={ac+bc|...}=NLJ+ LJ.

Part (b) (11 .. .Im)n = ({a1 .. Om ‘ a; € Il})n = {(al’l .. .aLn) - (al,l ... Q1,m ‘ a;j €
Ly=1Ip.. .10, A

2.40: Show that for I, J comaximal we have I + J? = R, I"™ and J" comaximal, and
that products of comaximal ideals agree with their intersections, even when taking powers.

Proof. Part (a): If I,J are comaximal then I + J = R. Then 1 = a+ b for a € I,
be J. Now 1 =12 = a® + 2ab + b* = a(a + 2b) + b*. Now a(a + 2b) € I and b* € J?, s0 in
particular I + J? = R. This naturally generalizes: 1 = 1™ = af +b™ for f = Ditjem a't’
where the sum ranges over 0 < i < j < m — 1. This shows that I and J™ are radical, and
because our rings are commuative I + J = J 4+ [ so we may perform the same process to

obtain that J™ + I" = R.

Part (b): The Lemma states that I, J comaximal implies that I.J = I N J, and part (a)
shows that any powers of I and J are comaximal. Applying this to J; = (1, I; we note
that TN, I =17 - N, [l =--=I7 .. =1...In,)" = (NN 1y)". A

j=2 15 j=2 15

2.41: Show that if I is in the radical of an ideal, then some power of I is in the ideal
(ChatGPT helped solved this one).

Proof. Suppose I C +/J. Then for any a € I there is some minimal n > 0 such that a™ €
J. For ¢1,...,gm generators of I we write a = Y b;g;. Then a" = Zbil ,..bﬁ’bgil ... gim
where the sum is over all 41, ...,y such that sum > ¢; = n. Let m; be the minimal power
of g; such that g;'* € J. Takingn = > m;, we have that a™ is a sum of elements of the form

gt .. .gim . Now because n is sufficiently large we have that, for any such product, Sij=n
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implying that at least one ¢; > m;. This implies that g;nj (gt ...g;jfm" L.gim) e J, as
J is an ideal. Therefore every product of the form gil ...gim such that >2i; = n is in J,
implying that I™ C J. VAN

2.42: Show that there are natural homomorphisms between quotients: R/I — R/J for
IC Jand R/I — S/IS.

Proof. Part (a): If I C J, then R/I has a natural map onto R/J given by the identity
map defined on cosets of I. For a,b € R, a ~ bin R/I if and only if a —b € I which implies
that a —b € J so a ~ bin R/J. Then the fact that we have a homomorphism follows by
the fact that R/J is a ring.

Part (b): If R C S is a subring then we have the natural homomorphism R/I — R/IS by
the fact that I C IS. Now there is another natural injective homomorphism R/IS — S/IS
given by the identity, and the composition of these two gives the desired natural map. A

2.43: Show that the maximal ideal of the local ring of a point P = (0,...,0) is
(X1,...,X,)0 and that m" = 1" 0.

Proof. The maximal ideal of a point is given by all non-units of &p, i.e. those vanishing
at P. A polynomial with no constant term must vanish at P, and I consists of precisely
these polynomials. Therefore and f € I& has numerator vanishing at P, implying that
f € m. In fact all these statements are “if-and-only-if,” so the result holds.

2.44: Quotients of defining ideals in the local ring of a point.
Proof. Incomplete A

2.45: Show that the intersection of two ideals is empty if and only if their defining ideals
are comaximal.
Proof. Observe: V(I)NV(J)=V({I +J)=0if and only if I + J = R. A

2.46: Show that dimy(k[X,Y]/(X,Y)") =n(n+1)/2.
Proof. The power ideal I"™ consists of all degree n polynomials in X and Y. Then
k[X,Y]/I" is the set of all degree d < n polynomials, which has dimension n(n 4+ 1)/2. A

2.9 Ideals with a Finite Number of Zeros

No starred exercises.

2.10 Quotient Modules and Exact Sequences

2.48: Show that the image and kernel of an R-module homomorphism are R-modules and
that they form an exact sequence.

Proof. The kernel and image are, in particular, subgroups for any group homomorphism,
and the R-action obviously extends. To see exactness, note that the inclusion ker ¢ C M has
image equal to the the kernel of ¢ (big surprise). Therefore the sequence has im C= ker .
A

2.49: Show exactness for a number of natural sequences.

Proof. Part (a): Consider the map p that takes cosets a4+ N € M/N to elements ¢(a) €
M'. This is well-defined because ¢(N) = 0. Then pon(a) = p(a+ N) = p(a). Uniqueness
follows by construction: Any other map factoring ¢ must have that @(n(a)) = ¢(a), so in
particular cosets of a must go to ¢p(a).

Part (b): If P C N C M our natural homomorphisms are achieved by the same argument
as in 2.42. Now c
0— N/P = M/P% M/N -0
has im¢ = M/N. Then kero = {a € M/P | a € N} = {a € N/P} = im C, so the
sequence is exact.

Part (c): This is a consequence of (b) when P C N C M are finite-dimensional vector
spaces and an application of the rank-nullity theorem.

Part (d): Ideals are obviously modules. Then this follows from (b) taking I = P C J =
NCR=M.

Part (e): This is the situation of (d) with 7 =m" O J =m""" and R = 0. A
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2.50: Show that a DVR as in 2.30 has dimz(m”/m™*) = 1, dimg(R/m") = n, and
ord z = dimg (R/m™).

Proof. Part (a): Recall that m = (¢). Then m™ = (t"). Now note that m"/m"*! = ¢.
Therefore dimy (m™/m™**) = 1.

Part (b): Writing m™ = (") we note that any element z = ut” of order greater than or
equal to n lies in m"™, and so is mapped to zero by the quotient homomorphism. Therefore
the only remaining terms are those of order k < n, yielding an n-dimensional vector space.

Part (c): If (z) = m™ we use the fact that m™ is generated by t" for ¢ a uniformizing
parameter to see that z = xt" for some x € R. However we also have that zy = t", so
z = zyz which implies that zy = 1 (recall that R is a domain). Now we see that z is of
order n and so the result follows. A

2.52: Let N, P be submodules of M. Show that the subgroup N + P is a submodule of
M. Show that there is a natural R-module isomorphism of N/N N P onto (N + P)/P.

Proof. We have a natural action of R on N + P by r(n + p) = rn + rp. This gives the
subgroup N + P an R-module structure by the fact that each of N and P are R-modules.
The natural R-module isomorphism sends a coset n+ N N P +— n + P. VAN

2.53: Incomplete

2.11 Free Modules

No starred exercises.

§ 3 Local Properties of Plane Curves

3.1 Multiple Points and Tangent Lines

3.1: Prove that in the above examples the only multiple point on each of C, D, E, and F
is P = (0,0).

Proof. Curve C: The lowest degree form in C' is Y2 =Y - Y, which is a double point.
For any point (a,b) we consider T'= (X + a,Y + b) so that

CT =Y +b)?—(X+a)’=Y>+2Yb— X* —3aX* — 3a°X

has (a,b) at the origin. The leading form is of degree one, so the point (a,b) is simple. A
similar argument holds for the remaining curves. VAN

3.5: Supposing char k = 0, show that m = mp(F) is the smallest integer such that, for
some ¢+ j =m, aiiLaZj(P) # 0. Find an explicit description for the leading form for F' at
P in terms of these derivatives.

Proof. 1t suffices to show the statement for P = (0,0). We observe that this partial
derivative % will, for choices of 7, j given by the powers of X and Y in the monomials
of the leading form of F, give a polynomial with a nonzero constant term (this is by the
characteristic requirement). If there were some smaller integer that satisfied this criteria
we would have a smaller degree leading form, a contradiction. The leading form, then, has

the coefficient of X'Y7 given by 24— (P). A

2Oy

§ 4 Projective Varieties

4.1 Projective space

4.2: Let F € k[X1,...,Xn41] for k infinite. Writing F = > F; for F; a degree i form,
suppose F'(P) = 0 for all representatives of P € P" (k). Show that each F;(P) = 0.

Proof. Fix some point P. F(AP) = F(P) =0 for all A. That is, F(AP) is a polynomial
in A that is zero for all choices of A, which implies it is the zero polynomial because we are

in an infinite field (Exercise 1.4). Therefore the polynomial zero coefficients, so F;(P) =0
for all 4. A
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4.2 Projective Algebraic Sets

4.4: Let I be a homogeneous ideal in k[X1,..., X,+1]. Show that I is prime if and only if
for any forms F,G € k[X1,...,Xn+1], FG € I implies that FF € I or G € I.

Proof. ( <= ) We prove the contrapositive. Suppose that for some forms F, G we have
that FG € I but F ¢ I and G ¢ I. These forms are then a counterexample to primality
for I, so I is not prime.

(= ) Suppose [ is prime. Then for any F'G € I we have F' € [ or G € I. We know
that I contains all of its forms, so as a special case we have the previous statement for
forms. A

4.9: Let I be a homogeneous ideal in k[X1,..., Xn41] and
I =k[X1,..., Xnp)/I.

Show that the forms of degree d in I' form a finite-dimensional vector space over k.

Proof. The space of degree d forms in k[ X1, ..., Xn+1] is finite-dimensional by consider-
ing all degree d monomials. Passing to a quotient of this space does not increase dimension,
so the claim holds. AN

4.11: Suppose V = V(Hu,..., H,) is a linear subvariety of P".
(a) Show that if T' is a projective change of coordinates then V7 is a linear subvariety.
(b) Show that there is a projective change of coordinates taking V to V' = V(X2 -, Xnt1)-
(¢) Show that the m appearing in (b) is independent of the choice of T'.

Proof. Repeat the proof of 2.14 with the knowledge that, because we are dealing here
with linear forms as opposed to linear polynomials, the arguments follow in P". VAN

4.12: Let Hy,..., H,, be hyperplanes in P*, m < n. Show that Hy N---N Hy, # 0.
Proof. Let «a; be the linear form defining H;. Then the intersection Hy N --- N H,, =

V(aa,...,am) = V. Now consider the cone over V, C(V). This is an intersection of n
hyperplanes through the origin in A", so in particular their intersection is not the origin,
it is a line. This yields that there is projective point in V. A
4.13: Define the line through two distinct projective points P = [a1 : --- : an41] and
Q =[b1: - :bnt1] to be the set
L={[Aa1 + pb1 : -+ : Xant1 + pbnt1] | A\, n € kK, N £ 0 or u # 0}.

(a) Show that if L is the line through P and @ and T is a projective change of coordinates
then T'(L) is the line through T'(P) and T(Q).

(b) Show that a line is a linear subvariety of dimension one, and that a linear subvariety
of dimension one is a line through any two of its points.

(c) Show that in P? a line is the same thing as a hyperplane.

(d) Let P, P’ € P?, Ly, Lo two distinct lines through P, L, L5 two distinct lines through
P'. Show there is an affine change of coordinates taking P to P’ and L; to L.

Proof. Part (a): Suppose T is a projective change of coordinates, so it is given by linear
forms T' = (T1,...,Tn+1). Then T;(Aa; + ub;) = ATi(a:) + pTi(b;). This holds for each
coordinate so we find that T'(L) is a line through T'(P) and T'(Q) (this is well-defined wrt
to the equivalence relation on P™ by linearity).

Part (b): For a linear subvariety of dimension one we have that there is a projective
change of coordinates taking V' to V(Xs, ..., X,11), which is a projective line through the
points [1:0:---:0land [0:1:0:---: 0] by definition. Then the inverse of this linear
subvariety is a line through the inverses of each points, so the linear subvariety itself is a
line. Conversely, we may choose a map taking P to the former projective point and @ to
the latter which gives the claim.

Part (¢): A hyperplane is the vanishing of a single linear form, so by 4.11 we have that
there is a coordinate change taking it to V(X3). However this makes it a linear subvariety
of dimension one, so it is a line. The converse follows similarly.
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Part (d): Two distinct lines each have coordinate changes taking each to V(X3), and
we may take another coordinate change to send V(X3) to V(X2). In fact, because these
lines are distinct there does not exist a coordinate change taking both to V' (X3), so instead
we choose a coordinate change taking Li to V(X3) and L2 to V(X2). Then there is a
coordinate change (the inverse of the one promised by 4.11) that takes L] to V(X3) and
likewise for L5 and V(X2). The composition of these coordinate changes gives the required
maps, and the fact that P lives in the interesction of these lines gives that P maps to P’.
A

4.14: Let Pi, Py, Ps (resp. Q1,Q2,@Q3) be three points in P? not lying on a line. Show
that there is a change of coordinates such that T'(P;) = @;. Extend this to n + 1 points in
P"™ not lying on a hyperplane. (Solution due to David)

Proof. Consider the matrix A = (P1 Py P3) with the P; taken as column vectors.
This matrix is invertible because the three points do not lie on a line, and so taking
B=(Q1 Q2 Qs3) we have that BA™" is the required linear transformation. The same
construction works for points on a hyperplane. A

4.15: Show that two distinct lines in P? intersect in a point.

Proof. By 4.13 we have that lines in P? are hyperplanes, so problem 4.12 tells us that
their intersection is nonempty, so it contains at least one point. If it contained two points
(or more) then we may form the line through those two points to find that the intersection
of the two distinct lines is a line, implying that the two lines are the same. A

4.16: Let Ly, Lo, L3 (resp. Mi, M2, M3) be lines in P?(k) that do not all pass through
a point. Show there is a projective change of coordinates taking L; to M;.

Proof. The pairwise intersection of any two lines L; N L; (resp. M; N M;) yields a point
on both by 4.15. Then we have three points given by the three pairwise intersections, so
we apply 4.14 to map these to the points given by the M; N M;. However this maps two
points on each L; to two points on each M;, and because a line is determined by two points
we see that these lines are mapped to one another. A

4.17: Let z be a rational function on a projective variety V. Show that the pole set of
z is an algebraic subset of V.

Proof. Recall that a rational function on V is an element f/g € FracI'(V) such that
deg f = deg g. The pole set is all the zeros of g, which is really a coset g + I(V') and so the
ideal generated by g contains I. Therefore it corresponds to an algebraic subset. Maybe
this needs more care? A

4.18: Let H = V(3 a;X;) be a hyperplane in P". Note that (a1, ..., an+1) is determined
by H up to a constant multiple.

(a) Show that assigning [a1 : - - : ant1] to H gives a natural bijection between hyperplanes
in P and points in P™.
(b) If P € P", denote by P* the corresponding hyperplane and conversely let H* denote

the point ocrresponding to a hyperplane H. Show that P** = H and H** = P. Show
that P € H if and only if H* € P*.

Proof. Part (a): For surjectivity, note that any point determines a linear form by taking
its coordinates as the coefficients. To see that the map is injective, suppose that two
hyperplanes determine the same point. Then their coeflicients differ by a nonzero constant
multiple, however this implies that their vanishing sets are the same, so they are the same

hyperplane.

Part (b): First, P** = (P*)" = V( X;)" = [a1 : -+ ¢ ant1] = P. Likewise,
H* = (H") = (a1 : -+ : an41])” V(Z)\aZ X;) = H. Suppose that P = [by : -+ :
n+1] € H= V(Z a;X;). This occurs if and only if Y a;b; = 0, so P* = V(> b; X;) has

[ : an+1] € V(Z bZXZ) = P*. AN

4.3 Affine and Projective Varieties

4.19: If I = (F) is the ideal of an affine hypersurface, show that I* = (F*).

Proof. 1™ is the homogenization of I given by I = {F* | F € I}. If I = (F) then
I"={(GF)" |G € k[X1,...,Xn]} and (GF)* =G"F* € (F*),so I* C (F"). The converse
is obviously true by the fact that F' € I. A

10
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4.22: Suppose V is a variety in P" and V O Ho. Show that V =P" or V = H. If
V=P V., =A" whileif V = Hy, V. = 0.

Proof. Suppose V' O Ho. Then any [z1 : -+ : 2,,0] € V for all z;. If V contains
no other points then V = H.,. If V contains any points not of the above form, then in
particular it must contain a point of the form [z1 dots : zn41] for zn11 # 0. Now the
irreducibility of V' implies that it must contain all points with x,+1 # 0, or else we could
write V as the union of Hs and some other subvariety. A

4.23: Describe all subvarieties in P' and P?.

Proof. First we consider P'. Suppose V C P" is a variety. If V contains Hu, then
V = Ho or V =Pl If V does not contain Heo, then Vi, C Al is a one-dimensional variety,
so a finite set of points (or the entire affine line). So every variety in P' is one of: The
projective closure of a variety in A', Hoo, or P

Now for P2. Again, if V contains Ho, then it is either Ho, or P2. By the same argument
as above we see that every variety in P? is the projective closure of an affine plane curve,
Hoo, or P2. A

4.24: Let P =[0:1:0] € P?(k). Show that the lines through P consist of the following:
(a) The “vertical” lines Ly = V(X —AZ) ={[A:t:1] |t € k} U{P}.
(b) The line at infinity Leo = V(Z) ={[z:y: 0] | z,y € k}.

Proof. 1t is clear that the line at infinity and the vertical lines contain P, so we must
check that the only lines containing P that are not at infinity are the vertical lines. Suppose
L is a line through P = [0: 1: 0] and let Q = [b1 : bz : b3] be a point anywhere else on
the line. The point () may not lie on the line at infinity or else this line is precisely
the line at infinity, so suppose bs # 0. The line is of the form L = {[ub1 : X\ + pb2 :
ubs] | A, i € k not both equal to zero}. Note that P occurs when p = 0, so we may write
L —P = {[uby : A+ pbz : pb3] | p # 0}. Now the line has representatives of the form
[ub1/ubs : (A4 pb2)/ubs : 1], and so L — P = Ly — P so we are done. A

4.25: Let P=[z:y: 2] € P
(a) Show that {(a,b,c) € A® | ax + by + cz = 0} is a hyperplane in A

(b) Show that for any finite set of points in P? there is a line not passing through any of
them.

Proof. Part (a): This is obvious: The set is the orthogonal complement of a dimension
one object (the line (Az, Ay, Az)), and so has codimension one.

Part (b): Each point in P? gives a hyperplane in A® by the above. A projective line
is of the form [Aai + b1 : Aaz + ub2 : Aas + pbs] which, taken as a set in A3, also gives
a hyperplane, as it is the span of two distinct lines. The criteria that the line given by
[a1 : a2 : a3] and [by : b2 : bs] contains a given point [z : y : z] is now equivalent to
the hyperplane spanned by (a1, a2, as) and (b1, b2, bs) being orthogonal to the hyperplane
orthogonal to (x,%,2). Now suppose that I have a finite set of points in P?. Consider
the hyperplanes Hi, ..., H, associated to this point set, and note that any vector not in a
hyperplane H; is normal to a hyperplane not orthogonal to H;. There exists a vector not
contained in any H; by the fact that that we are taking a union of finitely many codimension
one subspaces, and this vector will yield a hyperplane corresponding to a line not passing
through any of the points, as it is not orthogonal to any of the associated hyperplanes and
therefore does not contain any of their normals. VAN

4.4 Multiprojective space

4.26:

S s s s ATTTM ] . n m . “hi
(2% . ’ -
(a) Define maps @;; : A — U; x U; CP" x P™. Using @n+1,m+1, define the “bipro
jective closure” of an algebraic set in A"™™. Prove an analogue of Proposition 3 of
4.3.

(b) Generalize part (a) to maps ¢ : A™ x --- X A" X A™ — P™ x ... x P™ x A™. Show
that this yields a correspondence between {nonempty affine varieties in A"+ +m}
and {varieties in P™ x --. x A™ that intersect Up,+1 X -+ x A™}. Show that this
correspondence preserves function fields and local rings.

11
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Proof. Recall that the projective closure of an affine variety was given by V* = V(I*) =
V((F* | F € I)), where F* is the homogenization of F'. In order to define the biprojective
closure, we define the bihomogenization of a polynomial F' € k[X1,...,Xn,Y1,...,Yn] as
follows: Let di,d2 be the degrees of F' in X and Y respectively (we assume there are no
monomials containing both X;s and ¥;s).

F* = XM F(X1/Xni1s- s Xn/Xn41,0,...,0) + Y, 2 F(0,...,0,Y1/ Vg1, ..., Yo/ Yoi1).

Then the biprojective closure of an affine variety is given by taking the bihomogenization
of its defining ideal and considering the projective variety defined by this bihomogenized
ideal.

Part (b): As above, for a polynomial F' € k[X,,,Xn,,. .., Xm] we define the multiho-
mogenization of F' to be

Fr =3 X" 0 F(0,...,0, X0, /X, m41,0,...,0).

That is, it is the sum of the homogenizations in each factor of A" x --. x A", VAN

4.27: Show that the pole set of a rational function on a variety in any multispace is an
algebraic subset.
Proof. Let V.C P™ x ... x P" x A™ be a variety and f/g € k(V). Here f, g are mixed

multiforms which are mulihomogeneous of the same multidegree in Xi,..., Xn, 4. c4n,..
In particular g is a mixed multiform and so gives a well-defined algebraic subset of the
multispace which is precisely the pole set. A

4.28: Let S : P™ x P™ — P"t™T™" he the Segre embedding.
(a) Show that S is well-defined and injective.

(b) Show that if W is an algebraic subset of the codomain, its preimage is algebraic in
the domain.

(¢) Show that the image of S is the algebraic set V ({1 Tk —TuTk; | i,k =0,...,n;j,1 =
0,...,m}).

(d) Show that the image of S is a variety.

Proof. Part (a): Well-definedness is obvious. For injectivity, suppose that two pairs in
the domain have the same image. Then for any 0 < ¢ < n we have [ziyo : Tiy1 : -+ :

TiYm] = Tilyo + -+ Ym] = Xi[Yo : -+ ¢ Ym). If T or z; is zero we are done, if not then
we may scale by 1/x; and 1/x] respectively to see that the two elements are the same.
Performing this trick for [zo : - - : &m] yields the other coordinates equivalent.

Part (b): Suppose W is algebraic and with homogeneous ideal I. On the level of ideals,
the Segre embedding is a morphism k[Too, . - . , Tnm]| — k[Xo, ..., Xn, Yo, ..., Y] with image
consisting of all biforms. Then the image of any homogeneous ideal is an ideal of biforms
and so gives an algebraic set in the codomain.

Part (c): Note that the image is obviously contained in the given algebraic set, as
Ti;Tw — TyTk; being zero corresponds to z;y;xryi — TiyiTry; being zero, and these two
products are obviously the same. To see that the image contains the given algebraic set,
choose a point [z00 : - - : znm] in the algebraic set and

Incomplete A

§ 5 Projective plane curves

5.1 Definitions

5.1: Let F' be a projective plane curve. Show that a point P is a multiple point of F' if and
only if F(P) = Fx(P) = Fy(P) = Fz(P)=0.

Proof. Recall that the multiplicity of F' is the multiplicity of its dehomogenization F.
with respect to X;. The multiplicity of F} is the degree of its smallest form, so the point
is multiple if and only if F, has a degree k > 1 form as its smallest form. In this case
however the derivative with respect to any variable has smallest form of degree at least one,
so evaluation at zero makes each derivative zero. A

12
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5.4 Let P be a simple point of F'. Show that the tangent line to F' at P has the equation
Fx(P)X + Fy(P)Y + Fz(P)Z = 0 (proof due to ChatGPT).

Proof. Take a projective change of coordinates P +— [a : b : 1]. Now dehomogenize F'
with respect to Z: f(X,Y) = F(X,Y,1) and expand f at (a,b) so that f(a+ u,b+v) =
fla,b) + fx(a,b)u + fy(a,b)v + terms of degree > 2, and the term f(a,b) vanishes. Now
the tangent line to f at (a,b) is precisely fx(P)u+ fy(P)v = 0 and because u = X — q,
v =Y —b we have fx(P)(X —a)+ fy (P)(Y —b) = 0. Now the projective closure of this line
is the homogenization fx (P)(X —aZ)+ fy(P)(Y —bZ) = fx(P)X + fy (P)Y — (afx (P)+
bfy(P))Z = 0 and the derivatives are the same so Fx(P)X + Fy(P)Y — (aFx(P) +
bFy(P))Z = 0. Now Euler’s formula yields Fz(P)Z = —aFx(P) — bFy(P)Y, which
completes the proof. A

5.5: Let P=1[0:1:0], F acurve of degree n, F = 3" F;(X, Z)Y" ™", F; a form of degree
1. Show that mp(F) is the smallest m such that Fy,, # 0, and the factors of Fy,, determine
the tangents to F' at P.

Proof. Recall that mp(F') is given by mp(F,) where we are allowed to dehomogenize
at any X,Y,Z. Then dehomogenizing at Y yields mp(F) = mp(> F;) and now it is clear
that the multiplicity is exactly the smallest m such that F,, # 0. The tangents to F are
those that satisfy I(P,L N F) > mp(F) = m. Note that if L is a linear factor of F,,
then I(P,FNL) = I(P,F — F,Y"NL) > mp(F — FpY™)mp(L) > m, so any factor
gives a tangent line. Conversely, a tangent line is one satisfying I(P, F N L) > m. We may
dehomogenize with respect to Y to see I((0,0),> Fi(X,Z) N L(X,1,Z)) > m, implying
that L(X,1,Z) is tangent to F;(X, Z). Therefore it divides the smallest form, namely F,
and the proof is complete. A

5.6: For any F', P € F, show that mp(Fx) > mp(F) — 1.

Proof. Suppose P = [0 : 0 : 1]. Then the multiplicities are the degrees of the small-
est forms of the dehomogenizations. Now note that deg(F)F(X,Y,Z) = Fx(X,Y,Z)X +
Fy (XY, Z)Y+Fz(X,Y,Z)Z so Fx(X,Y,1) =deg(F)F(X,Y,1)-Fy(X,Y,1)Y - Fz(X,Y,1).
However the degree of the smallest form of the right-hand side is at least mp(F(X,Y,1))—1,
and this completes the proof. A

5.7: Show that two plane curves with no common components intersect in a finite
number of points.

Proof. This is a consequence of the case for affine space: Dehomogenize with respect
to each variable and note that each dehomogenization also shares no common components,
and so has finite intersection by the affine case in two variables. Then taking a union of
the copies of A% we cover P? with yields a finite set, so a finite intersection. A

5.8: Let F' be an irreducible curve.
(a) Show that Fx, Fy, or Fz is nonzero.
(b) Show that F' has only a finite number of multiple points.

Proof. Part (a): Suppose all of Fx = Fy = Fz = 0. By Euler’s theorem deg(F)F =
FxX + FyY + FzZ = 0, but zero is not irreducible.

Part (b): Suppose F' had an infinite number of multiple points. Suppose without loss of
generality that Fx # 0 by (a) and note that Fx(P) = 0 for any multiple point. Take the
contrapositive of 5.7 to see that we now have that F'x and F' have a common component,
and Fx|F by the fact that Fx has smaller degree. However this violates irreducibility so
we are done. JAN

5.14: Let Py,...,P, € P2 Show that there are an infinite number of lines passing
through P; but not Ps,...,P,. If P is simple on F, we may take these lines to be
transversal to F'.

Proof. Incomplete A

5.15: Let C be an irreducible projective plane curve and Pi,. .., P, € P? simple points
on C, mi,...,my integers. Show that there is a z € k(C) such that ordp, (z) = m;.

Proof. Let z = ([T L"*)/ LOE " for L; each containing P; but avoiding all other P; and
Ly avoiding all P; (this is possible by 5.14 and 4.25). This satisfies the order requirement
by construction, as we may take as a uniformizing parameter L;. A

13
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5.16: Let F be an irreducible curve in P?. Suppose I(P,FNZ)=1and P #[1:0:0].
Show that F'x (P) # 0.

Proof. Suppose Fx(P) = 0. Then Euler’s theorem states that deg(F)F = FxX +
FyY +FzZ = FyY + FzZ. Now dehomogenize at Y = 1 so that deg(F)F.(P) = Fy (P) +
Fz(P)Ps = 0 and note that because P € Z, Fy(P) = 0. Therefore deg(F)F = FzZ.
However this implies that F' dehomogenized at X or Y has a least form of degree at least
two, contradicting the intersection number claim. A

5.2 Linear systems of curves

14
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